A piezoelectric medium containing a cylindrical inhomogeneity: Role of electric capacitors and mechanical imperfections  by Shodja, H.M. et al.
International Journal of Solids and Structures 44 (2007) 6361–6381
www.elsevier.com/locate/ijsolstrA piezoelectric medium containing a cylindrical
inhomogeneity: Role of electric capacitors and
mechanical imperfections
H.M. Shodja a,*, S.M. Tabatabaei a, M.T. Kamali b
a Department of Civil Engineering, Center of Excellence in Structures and Earthquake Engineering, Sharif University of Technology,
P.O. Box 11365-9313, Tehran, Iran
b Department of Civil Engineering, Hormozgan University, P.O. Box 3995, Bandar Abbas, Iran
Received 4 May 2006; received in revised form 13 January 2007
Available online 25 February 2007Abstract
Often, during fabrication processes of ﬁber–matrix composites, the pertinent interface may be made imperfectly bonded
either deliberately or undesirably. The eﬀect of electric capacitors and mechanical imperfections on the electro-mechanical
ﬁelds associated with an anisotropic piezoelectric matrix containing a cylindrical inhomogeneity made of a diﬀerent aniso-
tropic piezoelectric material is of interest. In fact the interface imperfection condition presented in this paper is quite gen-
eral, in the sense that any combination of mechanical and electrical imperfections may exist. The interface electrical
imperfection is mimicked by the electric capacitors. The capacity of the capacitors is a measure of the electrical imperfec-
tion. The notion of complete electric barrier realizes when the capacity is equal to zero. For ﬁnite values of capacity, dif-
ferent electrical imperfections are modeled. When the capacity is inﬁnitely large, perfect electrical interface reveals.
 2007 Elsevier Ltd. All rights reserved.
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parameters1. Introduction
Multifunctional materials such as Lithium Niobate (LiNbo3 or LNB) and Lithium Tantalate (LiTao3 or
LTA) are of great importance in innovative scientiﬁc and technological developments. These materials can
be used to produce periodical micro-scale structures for nonlinear optical devices, which are categorized as
nano-technology achievements. LNB and LTA possess a combination of unique electro-optical, acoustic, pie-
zoelectric, and non-linear optical properties making them suitable materials for applications in piezoelectric
transducers, receivers-transmitters of acoustic vibrations, air force acceleration meters, deﬂectors, acoustic0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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formity of LNB crystals used for fabrication of active elements. It should be noted that both crystals are col-
orless, water-insoluble and have low transmission losses. LTA exhibits unique piezoelectric properties
combined with good mechanical and chemical stability and wide transparency range.
Piezoelectric composites are of higher sensitivity and lower mechanical losses than single phase materials,
and the properties and behavior of piezoelectric composites are highly dependent on the interface formed
between them. Piezoelectric composites are the key component of many types of devices as sensors and/or
actuators. As an illustration the interdigital transducers patterned on the piezoelectric allows the transforma-
tion of a voltage signal into a mechanical deformation and vice versa. Any external perturbation that include a
selective variation of the synchronous frequency such as electric ﬁeld, stress, temperature, pressure, added
mass, and shock can be investigated. For another example, among various types of piezoelectric ﬁber compos-
ites, thin ﬁbers of piezoelectric ceramic in a matrix was identiﬁed as most promising for ultrasonics. Another
practical use of the piezoelectric phenomenon corresponds to an electrical potential on the surface of some
crystals due to the resonance frequency change provoked by mass changes on the surface of the crystal.
The highly precise vibration makes it possible to use this system as a highly sensitive quartz crystal microbal-
ance. If faults establish in transformation of electrical charges from electrodes to piezoelectric material, the
accuracy of the instrument will be aﬀected in large amounts. The classical electro-mechanical devices are typ-
ical examples of inductive voltage sensors. The electro-mechanical interaction generates a mechanical torque
proportional to the voltage or the squared voltage to be measured (voltmeters); and so the accuracy and high
performance of the devices are altered by controlling the voltage. In turn the voltage can greatly be aﬀected by
the interface conditions between the components of an instrument having piezoelectric material and its sur-
rounding medium as building blocks.
In the literature, the problem where a piezoelectric material is embedded in a piezoelectric/or non-piezoelec-
tric matrix has been limited to perfect interface condition. This condition enforces the continuity of the com-
ponents of mechanical displacement, traction stresses, electric potential, and normal electric displacement. For
example, Pak (1992) considers a circular piezoelectric inhomogeneity surrounded by an inﬁnite medium made
of a diﬀerent piezoelectric material, and solves it under remote anti-plane mechanical and an in-plane electrical
loading. The problem of a transversely isotropic piezoelectric sensor embedded in an inﬁnite elastic body is
solved by Xiao and Bai (1999). Sosa (1991) studies the inﬂuence of the presence of a cylindrical void within
an inﬁnitely extended PZT-4 medium under remote applied electro-mechanical loading. In studying the scat-
tering of electro-elastic waves by a spherical piezoelectric particle in a polymer matrix, the work of Kamali and
Shodja (2006a,b) should be mentioned. Except for the contribution of Shodja et al. (2006), all the previous
studies pertaining to piezoelectric material containing a sub-domain of diﬀerent material address perfect elec-
tro-mechanical interface conditions only. However, there are numerous papers devoted to the phenomenon of
interface imperfection for pure elastic materials, Achenbach and Zhu (1989), Hashin (1990), Huang et al.
(1993), and Gao (1995) among others. A thorough literature on the subject up to 1996 is available in the
review article by Mura (1988) and Mura et al. (1996).
The present paper sets forth a methodology for the treatment of an anisotropic piezoelectric medium con-
taining an inhomogeneity made of a diﬀerent anisotropic piezoelectric material with diﬀerent electro-mechan-
ical interface conditions. Moreover, the applied electro-mechanical loading can be arbitrary, and is not limited
to far-ﬁeld. The present formulation encompasses any combination of mechanical (in-plane and out-of-plane
sliding and/or debonding) and electrical imperfections. Shodja et al. (2006) study only the eﬀect of mechanical
imperfections on the induced electro-mechanical ﬁelds. It is noteworthy to mention that, interface failure in the
realm of the elastic materials occurs in forms of normal debonding, in-plane sliding, and out-of-plane sliding
or any combination of these types. In other words imperfection takes place only in the forms of displacement
discontinuities. However in the realm of piezoelectric materials, due to their intrinsic coupled electro-mechan-
ical behavior, there are induced electric charges, even if the loading is only mechanical loading. Therefore a
legitimate question is whether the existence of an interface electric barrier has any eﬀects on the induced elec-
tro-mechanical ﬁelds. In the present work, it is proposed to model such barriers by the electric capacitors. A
capacitor (also called condenser) is produced when two electrical charged plates are separated by a dielectric
or insulator. The insulator can be air, paper, plastic or anything that does not conduct electricity and keeps the
plates from touching each other. Suppose there is an electric barrier at the inhomogeneity-matrix interface
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mogeneity, X and induced electric charge just inside X, an electric charge will be created just outside X. This
scenario can readily be modeled with a distribution of electric capacitors along the interface. The degree of
electrical imperfection is directly linked to the degree of discontinuity in the electric potential function at
the interface. The capacity of the capacitors determines the degree of the electrical imperfection. When the
capacity is equal to zero, the interface is a complete electric barrier. As the capacity increases the degree of
electrical imperfection decreases, and perfect electrical interface prevails as the capacity approaches inﬁnity.
The technique previously proposed by Shodja and Kamali (2003), Kamali and Shodja (2005), and Kamali
and Shodja (2006a,b) is generalized to treat such a wide range of boundary value problems in a uniﬁed man-
ner. These contributions are speciﬁcally devoted to perfect interface conditions.2. Imperfect electro-mechanical interface and associated boundary value problem
Consider an anisotropic piezoelectric circular cylinder, X with radius a surrounded by another anisotropic
piezoelectric medium, W. The interface, Cs between X and W is both electrically and mechanically imperfect.
The geometry and the coordinate system for the problem are shown in Fig. 1. This ﬁgure is a general schematic
representation for various types of problems considered in the present manuscript. It is noteworthy to mention
that, the proposed approach is applicable to various real sizes and geometries with arbitrary dimensions. In all
the problems, the z-axis coincides with the long axis of the circular cylindrical inhomogeneity. In each example
given in the paper, depending on the material properties of the domains X and W, the corresponding poling
direction and anisotropy are clearly deﬁned. The degree of complexity of the boundary value problem depends
upon the type of the ﬁber-matrix imperfection. This research is for the concept of electro-mechanical imper-
fection in the realm of linear anisotropic piezoelectric materials. The electro-mechanical behavior of piezoelec-
tric materials is a coupled phenomenon, thus an appropriate model of an imperfect interface must account for
both the electrical and mechanical imperfections. Such imperfections have not been considered in the litera-
ture. The work of Shodja et al. (2006) addresses the mechanical imperfection, but perfect electrical condition
at the interface.
The governing equations of the three-dimensional piezoelectricity in the absence of body forces and free
charges, and constitutive equations can be written in compact form as follows (Tiersten, 1969):Fig. 1. A circular cylindrical inhomogeneity with electro-mechanical imperfect interface.
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Di;i ¼ 0; ð2Þ
rij ¼ CijklSkl  ekijEk; ð3Þ
Di ¼ eijkSjk þ eijEj; ð4Þ
Sij ¼ 12ðui;j þ uj;iÞ; ð5Þ
Ei ¼ ui; ð6Þwhere indices i, j, k, l = 1, 2, 3, u is the electric potential function, rij, Sij, Di, ui, and Ei are the components,
respectively, of stress tensor, strain tensor, electric displacement vector, mechanical displacement vector and
electric ﬁeld vector. Cijkl is the elastic modulus, eikl is the piezoelectric constant, and eij is the dielectric constant.
The eﬀect of imperfection is incorporated through the mechanical displacements and electric potential jumps
across the interface, while the corresponding tractions and normal electric displacement remain continuous½ui ¼ fiðhÞ; on Cs; ð7Þ
½u ¼ gðhÞ; on Cs; ð8Þ
½rijnj ¼ 0; on Cs; ð9Þ
½Dini ¼ 0; on Cs; ð10Þwhere the brackets around a quantity denote the pertinent jump at the interface.
The piezoelectric materials with an arbitrary anisotropy (triclinic) have 21 + 18 + 6 = 45 independent
material constants, namely 21 elastic, 18 piezoelectric, and 6 dielectric constants (Tiersten, 1969). A trans-
versely isotropic piezoelectric material is described by 5 + 3 + 2 = 10 independent material constants. Piezo-
electric materials such as LTA and LNB that are monoclinic and belong to crystal class C3v = 3m, have higher
piezoelectric coupling than quartz. Quartz is a trigonal crystal with 6 + 2 + 2 = 10 independent material con-
stants. The present study is concerned with LTA and LNB which have 6 + 4 + 2 = 12 independent material
constants, Appendix A. To employ loading, the matrix is subjected to a far-ﬁeld in-plane tension r0y ¼ 1 N=m2,
r0x ¼ 1 N=m2, or far-ﬁeld surface electric charge D0y ¼ 1 C=m2. It should be emphasized that in the problems
considered in this paper, the isotropic plane does not coincide with the xy-plane. The isotropic plane refers to
the plane normal to the axis of rotational symmetry of the material. Every plane containing this axis is a plane
of reﬂection symmetry. Thus, although the electro-mechanical loading is in the xy-plane with no variation
along the z-direction, the generalized plane strain (GPS) phenomenon takes place, ui = ui(x,y), i = 1, 2, 3
and u = u(x,y,z).
3. Formulation
To model imperfect interface it is assumed that, there is a layer of vanishing thickness between ﬁber and
matrix. In doing so, three mechanical parameters ksd, kst, ksv, and one electrical parameter ksu are introduced.
The interface parameters, ksd, kst, ksv are, respectively, stiﬀness of mechanical springs, associated with debond-
ing, in-plane sliding, out-of-plane sliding, and ksu is the capacity of electric elements of the interface capacitor.
From a diﬀerent view of point, the jumps in the mechanical displacements and electric potential are modeled
via mechanical springs and electric capacitors, respectively. When the values of the interface parameters
approach inﬁnity, the perfect interface condition is modeled. At the other extremity, when the values of these
parameters become equal to zero, vanishing interface tractions and normal electric displacement, namely elec-
tro-mechanical full debonding (complete debonding) is achieved. This condition is equivalent to the problem
of a circular hole in an inﬁnite medium. Finite positive values of the interface parameters deﬁne intermediate
states between perfect bonding and complete debonding.
3.1. Imperfect electro-mechanical interface
The relations between mechanical displacement jumps and respective traction stresses, and the relation
between electric potential jump and normal electric displacement on Cs are stated as below:
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rrh ¼ kst½uh; on Cs; ð12Þ
rrz ¼ ksv½uz; on Cs; ð13Þ
Dr ¼ ksu½u; on Cs; ð14Þwhere rrr, rrh, rrz, Dr, ur and uh are, respectively, normal stress, in-plane shear stress, out-of-plane shear stress,
normal electric displacement, radial and tangential displacements.3.2. Boundary conditions at inﬁnity
Deﬁning the generalized displacement U ðvÞi , and generalized traction T
ðvÞ
i in the following manner:U ðvÞi ¼ u
ðvÞ
i ; i ¼ 1; 2; 3
uðvÞ; i ¼ 4
(
v ¼ X;W ð15Þ
T ðvÞi ¼
rðvÞij nj ¼ tðvÞi ; i ¼ 1; 2; 3
DðvÞj nj ¼ qðvÞ; i ¼ 4
(
v ¼ X;W ð16Þin which ui and u have been deﬁned in Section 2 and the superscript v = X, W denotes the corresponding med-
ium. The boundary conditions on C0, the surface at inﬁnity, may be expressed as:T ðWÞi ¼ T i; on CT i0 ;
U ðWÞi ¼ Ui; on CUi0 ;
(
i ¼ 1; 2; 3; 4 ð17Þ
CT i0 \ CUi0 ¼ fg;
CT i0 [ CUi0 ¼ C0;
(
i ¼ 1; 2; 3; 4 ð18Þwhere the symbol ‘‘\’’ denotes intersection and ‘‘[’’ implies union. T i and Ui are the components of the
prescribed generalized traction and displacement vector on the boundary CT i0 and C
Ui
0 , respectively.3.3. Consideration of system enthalpy with imperfect electro-mechanical interface
The total electric enthalpy of the system, F consists of the electric enthalpy of the ﬁber and matrix, FX[W,
the electric enthalpy of the interfacial elements, F Cs and the electric enthalpy due to the external electro-
mechanical loading, F C0 .F ¼ F X[W þ F Cs  F C0 ; ð19Þ
F X[W ¼
Z
X[W
H dv; ð20Þ
F Cs ¼ 12
Z
Cs
ksd½ur2 þ kst½uh2 þ ksv½uz2
 
dC 1
2
Z
Cs
ksu½u2
 
dC; ð21Þ
F C0 ¼
Z
C0
tiui dC
Z
C0
qudC; ð22Þwhereti and q are the prescribed surface traction and charge, respectively. H is the electric enthalpy density for
the linear piezoelectric materialH ¼ 1
2
CijklSijSkl  eijkEiSjk  12eijEiEj: ð23ÞFor the proposed GPS problem certain symmetries with respect to the yz-plane hold, Appendix B. These aid in
arriving at the following series solution:
Table
Variou
Types
I
II
III
IV
V
VI
VII
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PP
i¼1;3;5;...
PPi
j¼0
Cðm;vÞam x
iyj; m ¼ 1
PP
i¼0;2;4;...
PPi
j¼0
Cðm;vÞam x
iyj; m ¼ 2; 3
PP
i¼0;2;4;...
PPi
j¼0
PPij
k¼0
Cðm;vÞam x
iyjzk; m ¼ 4
8>>>>><
>>>>>:
; v ¼ X;W ð24Þin which P is the order of polynomials, and Cðm;vÞam is the unknown coeﬃcient. The index am in C
ðm;vÞ
am
is obtained
as follows:am ¼
i1
2
 ðPþ 3Þ  ðiþ1Þ2
4
þ jþ 2; m ¼ 1
i
2
ðPþ 3Þ  iðiþ2Þ
4
þ j; m ¼ 2; 3
1
2
ð i
2
ðPþ 3ÞðPþ 4Þ  ð2Pþ 7Þ iðiþ2Þ
4
þ iðiþ1Þðiþ2Þ
6
Þ
þjðP iþ 2Þ  jðjþ1Þ
2
þ k; m ¼ 4
8>>><
>>>:
ð25ÞThe imposed symmetry conditions in conjunction with elimination of the constant term pertinent to U ðvÞ2 , U
ðvÞ
3 ,
and U ðvÞ4 (i, j = 0) result in elimination of the rigid body translations and rotations. Minimization of the total
electric enthalpy of the system leads to the determination of the unknown coeﬃcientsoF
oCðm;vÞam
¼ 0; m ¼ 1; 2; 3; 4; v ¼ X;W; ð26ÞwhereoF X[W
oCðm;vÞam
¼
R
v rij
oSij
oCðm;vÞam
dv; m ¼ 1; 2; 3; i; j ¼ 1; 2; 3R
v Dk
ou;k
oCðm;vÞam
dv; m ¼ 4; k ¼ 1; 2; 3
8><
>: ð27ÞRelation (26) leads to a system of equations withð2P 3 þ 33P 2 þ 94P 33Þ=12; P is odd
ð2P 3 þ 33P 2 þ 94P Þ=12; P is even
(
ð28Þunknowns.4. Descriptive examples
Several examples addressing the eﬀect of electro-mechanical imperfections on the induced electro-mechan-
ical ﬁelds are thoroughly examined. There are seven types of imperfections considered herein, Table 1. For
brevity, in the remainder of the paper, the types of imperfections listed in Table 1, are referred by the pertinent1
s types of electro-mechanical imperfection considered in this study
of imperfection Interfacial parameters
Perfect bonding ksd, kst, ksv, and ksu!1
Pure debonding kst, ksv, ksu!1 and ksd! 0
In-plane pure sliding ksd, ksv, ksu!1 and kst! 0
Complete electric barrier ksd, kst, ksv!1 and ksu! 0
Mechanical full debonding ksd, kst, ksv! 0 and ksu!1
Electro-mechanical full debonding ksd, kst, ksv, and ksu! 0
Partial debonding 0 < ksd, kst, ksv, and ksu <1
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properties are given in Table A1.
4.1. Transversely isotropic elastic body containing a hole
For the sake of veriﬁcation of the proposed approach, the special case of a cylindrical hole in an inﬁnite
anisotropic elastic medium is considered, and the result is compared with the exact elasticity solution. Refer-
ring to Fig. 1, suppose that region W is made of a transversely isotropic elastic material. Assume that trans-
verse isotropy holds with respect to the y-axis. This material is obtained by setting the piezoelectric properties
of PZT-4 equal to zero, and is denoted by PZT-4(E) throughout this paper. Regardless of the material prop-
erties of X, letting the interfacial parameters between X and W equal to zero, the problem of the transversely
isotropic elastic body containing an inﬁnitely extended cylindrical hole will be revealed. For veriﬁcation two
cases of uniform tension in x and y-directions, r0x ¼ 1 Pa and r0y ¼ 1 Pa are considered. Using the present
method the stress concentration factor for this problem is computed and is compared with the exact elasticity
solution, Table 2. This problem is plane strain and its exact elasticity solution can be obtained after some
manipulations of the result given by Lekhnitskii (1977) for a plate containing a circular hole, Appendix C.
It is seen that the present results for both loadings are in good agreement with the exact solutions.
4.2. A PZT-4 inﬁnite medium – cylindrical domain system: role of mechanical imperfections and electric
capacitors
After establishing the accuracy of the proposed methodology, the case where X and W are both made of the
same transversely isotropic piezoelectric material, namely PZT-4 is considered. The data presented in this sec-
tion is pertinent to the case, where the poling directions of both X and W are in y-direction. In the context of
the present study, depending on the stiﬀness of the mechanical springs and the capacity of the electric capac-
itors, one can model diﬀerent boundary value problems. Interestingly, on the groundwork of the present for-
mulation, an inﬁnite PZT medium containing a cylindrical hole is mimicked by letting the interfacial
parameters approach zero. Section 4.2.1 considers some boundary value problems under far-ﬁeld mechanical
loading, and Section 4.2.2 is devoted to electrical loading. Note that for both types of loading plane strain
condition occurs.
4.2.1. Mechanical loading
All the examples considered in this section are solved for two cases of uniform tension in the x and y-direc-
tions, r0x ¼ 1 Pa and r0y ¼ 1 Pa. The pertinent plots of maximum hoop stress in the matrix at the interface Cs
normalized by the far-ﬁeld applied stress versus the in-plane spring constants are given in Figs. 2 and 3. For
this problem the mechanical out-of-plane bonding is perfect, ksv!1. The numerical values for the cases
where both X and W are either PZT-4 or PZT-4(E) are given in Table 2. It is seen that, among the three cases
of pure debonding, in-plane pure sliding, and electro-mechanical full debonding, the case of electro-mechan-
ical full debonding, which mimics a body weakened by a hole gives rise to maximum stress concentration fac-
tor. Pure debonding condition displays larger stress concentration factor in comparison with the in-plane pure
sliding condition. It is also observed that for the given material anisotropy and polarization direction, for allTable 2
Maximum value of normalized hoop stress for various types of electro-mechanical interface condition
Material Loading Current study Lekhnitskii (1977)
Type II Type III Type VI Void
PZT-4 r0x ¼ 1 Pa 1.987 1.637 3.547
PZT-4 r0y ¼ 1 Pa 1.718 1.519 3.246
PZT-4(E) r0x ¼ 1 Pa 2.139 1.339 3.200 3.114
PZT-4(E) r0y ¼ 1 Pa 1.897 1.310 2.984 2.926
Values of (rh)max normalized by the far-ﬁeld applied stress.
Fig. 2. Variation of the normalized hoop stress along Cs with changing the degree of in-plane mechanical imperfection; pertinent to
uniform far-ﬁeld tensile stress, r0x .
Fig. 3. Variation of the normalized hoop stress along Cs with changing the degree of in-plane mechanical imperfection; pertinent to
uniform far-ﬁeld tensile stress, r0y .
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pure sliding and complete debonding, PZT-4 displays larger stress concentration factor than the correspond-
ing cases of PZT-4(E). On the other hand, in the case of pure debonding, where normal mechanical bonding
between X and W is perfectly debonded, PZT-4 gives rise to smaller stress concentration factor than the cor-
responding case of PZT-4(E).
Now consider the case where W is made of PZT-4 ceramic and X is a hole (all the interfacial parameters are
zero), and study the associated piezoelectric eﬀects on the electro-mechanical ﬁelds. To exhibit the diﬀerences
between the electro-mechanical ﬁelds pertinent to a purely elastic material and an electro-elastic material, the
stress distribution on the rim of a circular hole for PZT-4(E) and PZT-4 under remote mechanical loading, r0x
and r0y are drawn in Figs. 4 and 5, respectively. When, the tensile stress is parallel to the x-direction, for both
PZT-4(E) and PZT-4, rh = 0 occurs at the same points, h = 31, 149, 211, and 329. The stress concentration
Fig. 4. Variation of the hoop stress rh along the edge of the hole; pertinent to uniform far-ﬁeld tensile stress, r0x .
Fig. 5. Variation of the hoop stress rh along the edge of the hole; pertinent to uniform far-ﬁeld tensile stress, r0y .
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stress is parallel to the y-direction, the points that rh vanishes for PZT-4 and PZT-4(E) diﬀer by 5; For PZT-
4(E), rh = 0 at points h = 61, 119, 241, and 299, and for PZT-4 h = 56, 124, 236, and 304. For this
loading condition the stress concentration factor pertinent to PZT-4 is 11.92% higher than that obtained
for PZT-4(E).4.2.2. Electrical loading
An electrical loading in the form of D0y ¼ 1 C=m2 in the y-direction at inﬁnity is applied. In this problem,
three types of imperfections are considered: (1) complete electric barrier; (2) mechanical full debonding;
6370 H.M. Shodja et al. / International Journal of Solids and Structures 44 (2007) 6361–6381(3) electro-mechanical full debonding. These imperfections are listed in Table 1, and correspond to cases (IV),
(V), and (VI), respectively. Under each condition, the normalized tangential electric displacement, Dh=D0y and
the distribution of the tangential and radial electric ﬁeld within the matrix along the interface Cs are depicted
in Figs. 6–8. Note that Eh is antisymmetric whereas Er is symmetric about the plane h = p/2.
The solution to the problem with the interface boundary condition (VI) has been also obtained using FEM
and compared to the results of the present approach. The comparisons are made for the distributions of the
tangential electric ﬁeld, Eh and the normalized tangential electric displacement, Dh=D
0
y along the rim of the
internal boundary, Figs. 9 and 10. The results are in reasonable agreements.Fig. 6. Angular variation of Dh=D0y along the interface Cs.
Fig. 7. Angular variation of the tangential electric ﬁeld Eh along the interface Cs.
Fig. 8. Angular variation of the radial electric ﬁeld Er along the interface Cs.
Fig. 9. Angular variation of Eh along the interface Cs.
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An inﬁnite cylinder X with radius a = 1 m made of LTA is embedded into an inﬁnite matrix, W made of
LNB. The z-axis of the Cartesian coordinate system is parallel to the trigonal axis, and the x-axis is perpen-
dicular to the mirror plane. Three diﬀerent kinds of electro-mechanical imperfections are investigated: (1)
complete electric barrier (type IV); (2) mechanical full debonding (type V); and (3) electro-mechanical full deb-
onding (type VI). If capacity of the capacitors tend to zero then there occurs complete electric barrier. This
means that, there is a jump in electric potential across the interface between the ﬁber and matrix. In spite
of presence of the complete electric barrier, an electric ﬁeld can be induced in the ﬁber due to the transmission
of mechanical loadings by the interfacial mechanical springs. On the other hand, when the capacity tends to
inﬁnity, complete electrical bonding governs, and so the electric potential at the interface will be continuous.
Various types of electrical bonding is modeled by consideration of diﬀerent values of capacity between 0 and
Fig. 10. Angular variation of Dh=D0y along the interface Cs.
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Sections 4.3.1 and 4.3.2, respectively. The occurrence of the GPS phenomenon is an interesting manifestation
encountered in these examples.4.3.1. Electrical loading
Suppose the applied loading is in the form of uniform electric displacement, D0y ¼ 1 C=m2 along the y-axis
at inﬁnity. The variation of maximum electric potential along Cs in terms of capacity, ksu is depicted in Fig. 11.
The results pertaining to two types of mechanical interface conditions: (a) mechanical bonding is perfect (ksd,
kst, and ksv!1); (b) mechanical debonding is perfect (ksd, kst, and ksv! 0) are examined. When there isFig. 11. Variation of the maximum electric potential at the interface Cs with changing the degree of electrical imperfection.
H.M. Shodja et al. / International Journal of Solids and Structures 44 (2007) 6361–6381 6373complete mechanical debonding between ﬁber and matrix, and ksu < 10
12 F/m2, the scenario of a hole in an
inﬁnite piezoelectric medium realizes. For this reason the electric potential inside the ﬁber will be zero. But in
the case of perfect mechanical bonding, in spite of negligible capacity, there will be induced electric ﬁeld in the
ﬁber. For large capacity, the interfacial electric potential associated with the perfect mechanical bonding
within X and W approaches the same value. Same observation is true for the perfect mechanical debonding
condition. This phenomenon is expected since continuity of u is enforced for large value of the capacity,
ksu > 10
8 F/m2. The discrepancy in u for ksu > 10
8 F/m2 is due to the diﬀerences in the mechanical bonding
condition. The variation of the electric potential along Cs for each imperfection type I, IV, V, and VI is
depicted in Fig. 12. It is seen that for I and V the electric potential is continuous (uX = uW), whereas for cases
IV and VI the electric potential is discontinuous (uX5 uW). At h = p/2 the jump discontinuity associated with
the imperfection type IV is rather abrupt; (uX)max = 6.53 · 108 V and (uW)min = 3.22 · 109 V. This phenom-
enon is more mild for type VI interface condition; uX = 0 and (uW)min = 2.45 · 109 V.
The distribution of the out-of-plane displacement, w along Cs for each of the interface type is shown in
Fig. 13. As it is observed, w is continuous for the cases I and IV, and is discontinuous for V and VI. The max-
imum jump in w pertains to type VI interface; (wW)max = 1.65 · 101 m occurs at h = p/2. It is noteworthy to
mention that, for this interface condition, X mimics a hole and so wX  0 in X. In the case of V the values of w
and its jumps are small in comparison to those of type VI. For all the interface conditions I, IV, and V, though
the applied electrical loading is in-plane, GPS phenomenon has revealed throughout the entire domain, X [ W.
Occurrence of such phenomenon for type V, where the out-of-plane debonding along Cs is observed, is indeed
quite interesting. The tangential electric displacement within the matrix, DWh , versus h along Cs for each of the
imperfection types I, IV, V, and VI is shown in Fig. 14. The minimum electric concentration factor is due to
perfect bonding (type I), ðDWh Þmax=D0y ¼ 1:045. In the case of mechanical full debonding (type V) the electric
concentration factor is equal to 1.158. Under electro-mechanical full debonding condition (type VI), X
behaves like a hole regardless of its electro-mechanical properties, and attributes to the maximum electric con-
centration factor, ðDWh Þmax=D0y ¼ 1:842. In the case of complete electric barrier (type IV) a lower concentration
factor prevails, ðDWh Þmax=D0y ¼ 1:753. The inﬂuence of type I, IV, V, and VI on the z-component of the electric
ﬁeld, Ez along Cs is imminent from Fig. 15. The distribution of electric ﬁeld, Ez pertinent to complete electric
barrier (type IV) has been computed and plotted over each of the xy, xz, and yz-planes, Figs. 16a, b and c,
respectively. It is observed that Ez vanishes inside X.
Next, the case of partial debonding where ksd, kst, ksv and ksu can take on any value between the bounds
pertinent to the perfect bonding and complete debonding is considered. For this problem, the variations of theFig. 12. Angular variation of the electric potential u along the interface Cs.
Fig. 14. Angular variation of the tangential electric displacement Dh along the interface Cs.
Fig. 13. Angular variation of the out-of-plane displacement w along the interface Cs.
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face, just inside X and W, are shown in Figs. 17 and 18, respectively. The results for the case of perfect bonding
are also provided in these ﬁgures for comparison.4.3.2. Mechanical loading
After analyzing the electro-mechanical ﬁelds of LTA embedded in LNB under electrical loading, the prob-
lem is now being studied due to far-ﬁeld uniform tension, r0y ¼ 1 Pa. The pertinent maximum value of the elec-
tric potential, out-of-plane displacement, radial and tangential stress, as well as the stress concentration factor
Fig. 15. Angular variation of the electric ﬁeld Ez along the interface Cs.
Fig. 16. Distribution of the electric ﬁeld Ez over the: (a) xy-plane; (b) xz-plane; and (c) yz-plane, pertinent to complete electric barrier.
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Fig. 17. Angular variation of the tangential electric ﬁeld Eh along the interface Cs.
Fig. 18. Angular variation of the radial displacement ur along the interface Cs.
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plete electric barrier has a negligible eﬀect on the stresses, and out-of-plane displacement, its inﬂuence on the
electric potential is notable. More precisely, the existence of complete electric barrier (type IV) causes an
increase of about 19% in the maximum interface electric potential within the matrix, and a 27% decrease in
the ﬁber. Note that for types I and V, the electric potential is continuous across Cs, but the maximum electric
potential function for type V is 11% smaller than those of type I interface. On the other hand, for type VI
interface X mimics a void, and the maximum electric potential within the matrix is about 45% higher as com-
pared with the pertinent type I interface. For this set problem, though the applied loading is in-plane, there is a
Table 3
Maximum value of some electro-mechanical quantities for various types of electro-mechanical interface condition
Interface type
I IV V VI
(rh)max/r0y 0.9381 0.9522 2.6450 2.6629
(rrr)max, h = p/2 1.0298 1.0289 0 0
(rrh)max, h = p/4 0.5171 0.5137 0 0
(uX)max(1E  2) h = p/2 2.2675 1.6544 2.0232 0
(uW)max(1E  2) h = p/2 2.2675 2.6928 2.0232 3.2734
(wX)max(1E  13) h = 3p/2 9.4805 9.7122 5.2440 0
(wW)max(1E  13) h = 3p/2 9.4803 9.7121 1.9833 10.267
Fig. 19. Distribution of the electric potential u pertinent to mechanical full debonding.
H.M. Shodja et al. / International Journal of Solids and Structures 44 (2007) 6361–6381 6377variation of electric potential with respect to the out-of-plane, z-direction; thus, Ez is nonzero. Fig. 19 depicts
the distribution of the electric potential over the xz-plane. The variation of the electric ﬁeld, Ez in the xy-plane
is shown in Fig. 20. Figs. 19 and 20 pertain to mechanical full debonding interface condition. Nevertheless, as
it is observed from Fig. 20 Ez is continuous across the interface.5. Conclusion
The boundary value problem associated with a cylindrical anisotropic piezoelectric domain bonded to an
anisotropic piezoelectric matrix with electro-mechanical imperfect interface condition is formulated. The
mechanical imperfections such as in-plane and out-of-plane sliding and normal debonding are modeled by
their corresponding mechanical springs, whereas the electrical imperfection is mimicked via introduction of
electric capacitors at the interface. The proposed boundary value problem is solved by consideration of the
total electric enthalpy of the system. Some descriptive examples studying the eﬀect of electro-mechanical
imperfections on the electro-mechanical ﬁelds are given. For types I–V and VII interface imperfection and
Fig. 20. Distribution of the electric ﬁeld Ez pertinent to mechanical full debonding.
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ics a void and so only W undergoes GPS deformation. For these multifunction materials the electric potential
function varies not only with x and y but also varies nonlinearly with z, even though in-plane electro-mechan-
ical loading is applied. The case of an anisotropic elastic medium containing a hole, for which the stress con-
centration factor is derived from the exact elasticity solution given by Lekhnitskii (1977), is reexamined by the
proposed methodology and reasonable agreement is obtained. For further veriﬁcation, establishment of the
accuracy and eﬀectiveness of the approach, the problem of the transversely isotropic PZT-4 medium conclud-
ing a hole was also examined using FEM and good correspondence revealed.Acknowledgement
This work was in part supported by the center of excellence in structures and earthquake engineering at
Sharif University of Technology.Appendix A
The elastic, piezoelectric and dielectric tensors for the LTA and LNB are given byC ¼
c11 c12 c13 c14 0 0
c12 c22 c23 c24 0 0
c13 c23 c33 0 0 0
c14 c24 0 c44 0 0
0 0 0 0 c55 c56
0 0 0 0 c56 c66
2
666666664
3
777777775
; ðA:1aÞ
c66 ¼ 12ðc11  c12Þ;
Table A1
Electro-mechanical properties of LTA, LNB, and PZT-4 discussed in Appendix A
Material cij (10
10 Nm2) eij (Cm
2) eij (10
10 Fm1)
LTA c11 = c22 = 23.3, c14 = c24 = c56 = 1.1, e15 = e24 = 2.6, e22 = e16 = e11 = e22 = 3.63,
c12 = 4.7, c34 = 0.0, c13 = c23 = 8.0, e21 = 1.6, e31 = e32 = 0.0, e33 = 3.82
c44 = c55 = 9.4, c33 = 27.5, c66 = 9.3 e33 = 1.9, e23 = e34 = 0.0
LNB c11 = c22 = 20.3, c14 = c24 = c56 = 0.9, e15 = e24 = 3.7,e22 = e16 = e11 = e22 = 3.89,
c12 = 5.3, c34 = 0.0, c13 = c23 = 7.5, e21 = 2.5, e31 = e32 = 0.2, e33 = 2.57
c44 = c55 = 6.0, c33 = 24.5, c66 = 7.5 e33 = 1.3, e23 = e34 = 0.0
PZT-4 c11 = 13.902, c12 = 7.785, e15 = 12.72, e31 = 5.2, e11 = e22 = 130.54,
c13 = c23 = 7.433, c33 = 11.545, e33 = 15.08 e33 = 115.05
c44 = c55 = 2.56, c66 = 3.06
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0 0 0 0 e15 e16
e21 e22 0 e24 0 0
e31 e32 e33 0 0 0
2
64
3
75; ðA:1bÞ
e ¼
e11 0 0
0 e22 0
0 0 e33
2
64
3
75: ðA:1cÞIt should also be mentioned that for the LTA and LNB crystals under consideration, the poling direction is
along the z-axis.
For PZT-4 with poling direction along the y-axis, the form of the tensor C can be obtained from (A.1a) by
setting c14, c24, and c56 equal to zero. The piezoelectric tensor associated with PZT-4 has the following forme ¼
0 0 0 0 0 e15
e31 e33 e31 0 0 0
0 0 0 e15 0 0
2
64
3
75; ðA:2ÞThe electro-mechanical properties of LTA, LNB, and PZT-4 used in the current study are given in Table A1.Appendix B
Consider a piezoelectric material for which the yz-plane is the plane of elastic symmetry. If the far-ﬁeld
applied electro-mechanical loadings and the piezoelectric tensor, e are symmetric with respect to the yz-plane,
it is shown that u1(x,y,z) = u1(x,y,z), u2(x,y,z) = u2(x,y,z), u3(x,y,z) = u3(x,y,z),
u(x,y,z) = u(x,y,z). Consider two Cartesian coordinate systems xyz and x*y*z*. Let the coordinate systems
have the same origin, x* = x, and yz-plane coincides with y*z*-plane. In these coordinate systemsrjrij ¼ 0
rJrIJ ¼ 0;
) Cijkluk;lj þ ekiju;kj ¼ 0;
CIJKLu

K;LJ þ eKIJu;KJ ¼ 0;
((
ðB:1Þ
riDi ¼ 0;
rI DI ¼ 0
) eijkuj;ki  eiju;ij ¼ 0;
eIJKu

J ;KI  eIJu;IJ ¼ 0;
((
ðB:2Þwhere the superscript ‘‘*’’ over a quantity indicates that the quantity pertains to the x*y*z* coordinate system.
Also the upper case indices refer to this coordinate system.
The boundary conditions in the two coordinate systems can be stated as
Table B1
Symmetry type of the generalized displacement components discussed in Appendix B
Components of generalized displacement Symmetric loading Antisymmetric loading
Symmetric e Antisymmetric e Symmetric e Antisymmetric e
u1 Antisymmetry Antisymmetry Symmetry Symmetry
u2 Symmetry Symmetry Antisymmetry Antisymmetry
u3 Symmetry Symmetry Antisymmetry Antisymmetry
u symmetry Antisymmetry Antisymmetry Symmetry
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CIJKLu

K;Ln

J þ eKIJu;KnJ ¼ tI ;
(
ðB:3Þ
eijkuj;kni  eiju;jni ¼ D;
eIJKu

J ;Kn

I  eIJu;JnI ¼ D:
(
ðB:4ÞDue to the speciﬁed symmetry of the electro-mechanical loadings, Cijkl and eijk, relations (B.1), (B.2), (B.3),
and (B.4) may be rewritten asCijkluk;lj þ ekiju;kj ¼ 0;
CIJKLuK;LJ þ eKIJu;KJ ¼ 0;
(
ðB:5Þ
eijkuj;ki  eiju;ij ¼ 0;
eIJKuJ ;KI  eIJu;IJ ¼ 0;
(
ðB:6Þ
Cijkluk;lnj þ ekiju;knj ¼ ti;
CIJKLuK;Ln

J þ eKIJu;KnJ ¼ tI ;
(
ðB:7Þ
eijkuj;kni  eiju;jni ¼ D;
eIJKuJ ;Kn

I  eIJu;JnI ¼ D:
(
ðB:8ÞFrom the above boundary value problems, it can be seen thatuiðx; y; zÞ ¼ giðx; y; zÞ;
ui ðx; y; zÞ ¼ giðx; y; zÞ;

i ¼ 1; 2; 3 ðB:9Þ
uðx; y; zÞ ¼ hðx; y; zÞ;
uðx; y; zÞ ¼ hðx; y; zÞ

ðB:10ÞFor the coordinate systems under consideration, the pertinent transformation matrix isQ ¼
1 0 0
0 1 0
0 0 1
2
64
3
75: ðB:11ÞUsing this transformation, the following relation is obtained:u1
u2
u3
u
8>><
>>:
9>>=
>>;
ðx; y; zÞ ¼
u1
u2
u3
u
8>><
>>:
9>>=
>>;
ðx; y; zÞ: ðB:12ÞIn view of the relations (B.9) and (B.12)
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u2ðx; y; zÞ ¼ u2ðx; y; zÞ; ðB:14Þ
u3ðx; y; zÞ ¼ u3ðx; y; zÞ; ðB:15Þ
uðx; y; zÞ ¼ uðx; y; zÞ: ðB:16ÞThe more complete symmetry types are given in Table B1, which can be proved in a similar manner.
Appendix C
The exact analysis of stress distribution in an anisotropic elastic material containing a circular hole under
extension at an angle to a principal direction applied at remote boundaries was given by Lekhnitskii (1977). If
a plate weakened by a circular hole is subjected to a uniform tensile stress, P at a large distance from the hole,
the hoop stress at the contour of the hole isrh ¼ Pf ðhÞ: ðC:1Þ
The stress concentration factor, |rh|max/P is given bystress concentration factor ¼ 1þ n; for extension in a principal direction of elasticity; xðnþkÞ
k ; for extension in a principal direction of elasticity; y
(
ðC:2Þwhere ﬃﬃﬃﬃﬃﬃs
n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2kþ m
p
; k ¼ b22
b11
; m ¼ 2b12 þ b66
b11
; ðC:3Þbij’s are the components of the reduced strain coeﬃcientbij ¼ aij 
ai3aj3
a33
; ði; j ¼ 1; 2; 4; 5; 6Þ ðC:4Þin which aij’s are the components of the compliance tensor of the material.
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